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Dust acoustic waves in strongly coupled dusty plasmas

M. Rosenberg1 and G. Kalman2
1Department of Electrical and Computer Engineering, University of California, San Diego, La Jolla, California 92093

2Department of Physics, Boston College, Chestnut Hill, Massachusetts 02167
~Received 23 June 1997!

Dust grains, or solid particles ofmm to sub-mm sizes, are observed in various low-temperature laboratory
plasmas such as process plasmas and dust plasma crystals. The massive dust grains are generally highly
charged, and it has been shown within the context of standard plasma theory that their presence can lead to new
low-frequency modes such as dust acoustic waves. In certain laboratory plasmas, however, the dust may be
strongly coupled, as characterized by the conditionGd5Qd

2 exp(2d/lD)/dTd>1, whereQd is the dust charge,
d is the intergrain spacing,Td is the dust thermal energy, andlD is the plasma screening length. This paper
investigates the dispersion relation for dust acoustic waves in a strongly coupled dusty plasma comprised of
strongly coupled negatively charged dust grains, and weakly correlated classical ions and electrons. The dust
grains are assumed to interact via a~screened Coulomb! Yukawa potential. The strongly coupled gas phase
~liquid phase! is considered, and a quasilocalized charge approximation scheme is used, generalized to take
into account electron and/or ion screening of the dust grains. The scheme relates the small-k dispersion to the
total correlation energy of the system, which is obtained from the results of published numerical simulations.
Some effects of collisions of charged particles with neutrals are taken into account. Applications to laboratory
dusty plasmas are discussed.@S1063-651X~97!04212-8#

PACS number~s!: 52.35.Fp, 52.25.Vy
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I. INTRODUCTION

Dust grains, or solid particles ofmm to sub-mm sizes, are
observed in many plasma environments, including sp
plasmas~e.g., planetary rings, comets, noctilucent cloud!
@1–2#, low temperature laboratory plasmas used for proce
ing and tools@3–7#, and ‘‘plasma crystals,’’ or Coulomb
lattices of charged dust grains in a plasma@8–11#. Dust
grains that are immersed in plasma and/or radiative envi
ments are electrically charged owing to processes suc
plasma current collection, photoemission, or secondary e
sion. Due to the collection of electrons and ions fro
the plasma, for example, the grain acquires a nega
surface potentialfs ~relative to the background plasm
potential! much like a small floating probe in a plasma@12#:
the charge on a grain of radiusa is given by Qd5
2Zde;afs , where fs is determined by efs /Ti.1
2(miTe /meTi)

1/2 exp(efs/Te) @1#. Grains in a laboratory
plasma are generally highly charged: for example, an ‘‘i
lated’’ 1-mm grain in an argon plasma withTe.3 eV has a
charge stateZd.695a(mm)ufs(V) u;104. However, the
dust grains are orders of magnitude heavier than ions:
example, the massmd of a 1-mm grain with a mass densit
of .1 g/cm3 is about 1012 times the proton mass. It has bee
shown within the context of standard plasma theory that
presence of dust grains, which have very low charge-to-m
ratios, can give rise to new low-frequency waves associa
with the dust grain dynamics, such as the dust acoustic w
@12–14#.

The dust acoustic wave is the analog of the ion acou
wave in a very low-frequency regime, where the du
mass provides the inertia and the electrons and ions pro
the pressure to sustain the wave@13#. Dust acoustic
wave frequencies are generally orders of magnitu
smaller than typical ion wave frequencies, withv<vpd
561063-651X/97/56~6!/7166~8!/$10.00
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5(4pndQd
2/md)1/2, the dust plasma frequency~here nd is

the dust density!, and with phase velocity vph

!the ion thermal speed~but much greater than the du
thermal speed!. Further, in analogy with the ion acoust
instability, dust acoustic waves can be unstable in the p
ence of currents, and are excited primarily by ions drifti
with speedu0.vph relative to dust grains@15,16#. We note
that recently the dust acoustic wave has been observed
dedicated laboratory dusty plasma experiment@17#, using a
He-Ne laser beam to illuminate the dust, and a video cam
The wave was reported to have been excited by ion drif
the system, and had a wavelength ofl;0.6 cm, a propaga-
tion speed of;9 cm/s, and a frequency;15 Hz @17#. There
have been other observations of very low-frequency fluct
tions in laboratory dusty plasmas which have been hypo
esized to possibly be dust acoustic waves. For example,
frequency fluctuations of order;12 Hz have been reporte
under certain neutral gas pressure conditions in Coulo
solid experiments@18#, and these fluctuations have been su
gested to be dust acoustic waves@19#. Very low-frequency
fluctuations of order of 10 Hz have been reported in a du
plasma formed in a low-frequency discharge, and it was s
gested that the waves could be either dust acoustic wave
ionization waves@20#. The latter paper also points out th
dust in laboratory plasmas can often be strongly coupled,
calls for theory on waves in strongly coupled dusty plasm
Recently, a theoretical study of dust lattice waves in the so
phase has been reported@21#.

Indeed, in various laboratory dusty plasmas, the d
charge density can be sufficiently high so that the intergr
Coulomb potential energy can be larger than the dust ther
energy Td . The Coulomb potential energy between du
grains is of the order of (Qd

2/d)exp(2d/lD), where d
5(3/4pnd)1/3 is the average intergrain spacing, and the e
7166 © 1997 The American Physical Society
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56 7167DUST ACOUSTIC WAVES IN STRONGLY COUPLED . . .
ponential factor takes into account the screening of the d
charge by the plasma over a distance of the Debye lengthlD
@8#. The dust grains are strongly coupled when

Gd5
Zd

2e2

dTd
expS 2

d

lD
D5G exp~2k!>1. ~1!

For example, using the following nominal values represen
tive of certain process plasmas where dust is localized n
plasma-sheath boundaries~e.g., Ref.@7#!: Te.2 eV, ni.3
3109 cm23, a.0.3mm, Zd.103, andnd.104 cm23, and
assuming the dust thermal energy is of the order of the io
neutral temperature,Td.0.05 eV, givesG.100. When the
dust grains are strongly correlated, the standard plasma
oretical description of dust acoustic waves needs to be m
fied to take into account the effect of strong correlations
analogy with analyses of ion acoustic waves in electron-
plasmas@22,23# and liquid metals@24,25#. In the case of
dusty plasmas, however, the electrons and ions are clas
and weakly correlated sinceni ,elD

3 @1 ~hereni and ne are
the ion and electron densities, respectively!, and provide
screening of the dust charge with a screening length given
the plasma Debye lengthlD . In this sense, the dusty plasm
is similar to a strongly coupled colloidal suspension, wh
the classical charged colloidal spheres interact via a scre
Coulomb potential, with the screening provided by the co
terions~e.g., see Refs.@26,27#!.

This paper investigates the dispersion relation for d
acoustic waves in a strongly coupled dusty plasma co
prised of strongly coupled negatively charged dust gra
and of weakly correlated classical ions and electrons. Th
is also a neutral gas background present, and collision
charged particles with neutrals are taken into acco
through a phenomenological collision frequency in the d
persion relation. The dust grains are assumed to interact
each other via a screened Coulomb~Yukawa! potential. The
strong coupling between the dust particles leads to cryst
zation at a sufficiently high coupling value@27–29#. For high
coupling values, but below the crystallization limit, the du
plasma is in a ‘‘liquid’’ phase with a strong short-range o
der. It is this phase we focus on. Our approach is based
the quasilocalized charge approximation~QLCA!, which was
developed to describe the dynamics of such strongly cou
plasma systems. It has been applied to a number of one-
two-component situations@30,31#: here it is necessary to
generalize it to the present scenario where the wea
coupled electrons and ions provide a polarizable backgrou
We are interested in analyzing dust acoustic mode disper
in the small-k domain. The QLCA relates the small-k disper-
sion to the total correlation energy of the system: this la
can be obtained from the results of numerical simulations
Yukawa systems in Refs.@28,29#.

The plan of this paper is as follows. Section II describ
the model plasma, gives the method of analysis, and der
the longitudinal dielectric response function based on
QLC analysis. The dispersion relation for dust acous
waves in the small-k limit is derived and discussed in Se
III; we also provide a careful analysis of the various energ
involved in the description. The effects of dust-neutral co
sions are considered in Sec. IV. Applications to laborat
dusty plasmas are discussed in Sec. V.
st
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II. ANALYSIS

A. Model

We consider a partially ionized plasma comprised
negatively charged dust grains, electrons, and ions, i
background of neutrals. The density of dust grains isnd , the
density of the ions, electrons, and neutrals isni , ne , andnn ,
respectively, and the temperature~or thermal energy! of each
species isTa , wherea5d, e, i , andn refer to dust grains,
electrons, ions, and neutrals, respectively. The model sys
comprisesN strongly coupled dust grains~nd5N/V, where
V is the three-dimensional volume of the system! which in-
teract with each other via a screened Coulomb potential
ergy

f~r !5
Zd

2e2

r
exp~2r /lD!, ~2!

where Zd is the dust charge state, andlD is the plasma
Debye length. The exponential factor takes into acco
within the linear approximation the screening of the du
charge by the plasma electrons and ions, which are we
correlated and classical, with the number of ions or electr
in a Debye sphere being very large. These plasma parti
provide screening of the dust charge, like a Debye she
which develops around a small probe in a plasma. T
strength of the intergrain coupling in this system is char
terized by Gd , as given in Eq.~1!. Thus the system of
strongly coupled dust grains is characterized by two para
eters: the Coulomb coupling parameterG5Zd

2e2/dTd , and a
parameterk5d/lD , which is a measure of the magnitude
the dust grain charge screening by the plasma, as in R
@28,29#. The linear Debye length in a plasma withTeÞTi

and no drift is approximately given bylD5(1/lDi
2

11/lDe
2 )21/2 @8#. However, in laboratory dusty plasma env

ronments, the dust is often localized near or in plas
sheaths, where the electric field of the sheath provides a e
trostatic force to levitate the grains. Since the ions come i
the sheath with speeds of the order of the ion sound sp
according to the Bohm sheath criterion for a dust-free d
charge, it has been suggested thatlD might be better mod-
eled bylD;lDe @8#.

The correlation between dust grains can be character
by the equilibrium pair correlation functiong(r ) @g(r )→0
as r→`# which gives the probability that there is a grain
a distancer from a given grain.

B. Dielectric response function

The dispersion of the collective modes can be obtain
from the dielectric functione(kv) of the system. In the cas
of strong correlations there is no standard method to ca
latee(kv). However, for the domain we are interested in t
quasilocalized charge approximation which has been de
oped and used to determine the dielectric response func
and plasmon dispersion for various strongly coupled C
lomb systems@30,31# can be employed. The main physic
feature of strongly coupled Coulomb systems upon wh
this model is based is that the charges are quasilocal
whenG@1, but smaller than the critical value for solidifica
tion. The QLC approximation describes the motions of t
system around the average configuration represented thr
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7168 56M. ROSENBERG AND G. KALMAN
the equilibrium pair correlation function. The model r
sembles that of a disordered solid in which the particles
cupy randomly located sites and undergo small amplit
oscillations around them. Inherent in the model is the
sumption that the sites’ positions change on a much lon
diffusion time scale; ‘‘direct thermal effects’’ associate
with this slow diffusion of the quasisites are thus neglec
compared to correlational effects, which is a good appro
mation forGd@1. On the other hand, the effect of the du
and plasma temperature on the probability of particular c
figurations of quasisites is included via theG and k depen-
dence of the equilibrium pair correlation function. It shou
also be noted that since the diffusion time is of the order
d/vd , whered is the average distance between dust gra
andvd is the thermal speed of the grains, andd;lD which
is much larger than a ‘‘dust Debye length’’ defined vialDd

5(Td/4pZd
2e2nd)1/2, the QLC approximation should b

good for wave frequencies of the order of the dust plas
frequencyvpd.

We use the QLC model adapted to the Yukawa system
determine the linear response of the system to a small
turbing external scalar potentialF̂. This is done by first con-
sidering the microscopic equations of motion for the ra
oscillations of the dust charges about their slowly drifti
equilibrium sites, and then calculating the linear respon
Following Ref.@30#, let Xi ,m(t)5xi ,m(t)1j i ,m(t) be the mo-
mentary position of thei th dust grain, withxi ,m its quasiequi-
librium site position, andj i ,m the perturbed amplitude of it
small excursion~the subscriptsi and j denote dust particles
and m and n denote three-dimensional vector indices!. The
microscopic equation of motion of thei th particle can be
obtained from the following Hamiltonian for the system:

H5
1

2md
(

i
p i ,mp i ,m1 1

2 (
i , j

Ki j ,mnj i ,mj j ,n

1(
i

j i ,m

]

]xi ,m
F̂~xi ,t !. ~3!

HereF̂(xi ,t& is the external potential, andKi j ,mn is given by

Ki j ,mn5~12d i j !
]2

]xi ,m]xj ,n
f~ uxi2xj u!

2d i j (
l

~12d i l !
]2

]xi ,m]xl ,n
f~ uxi2xl u!, ~4!

wherep i ,m5mdj̇ i ,m is the momentum conjugate toj i ,m , and
f(r ) is the screened Coulomb potential given by Eq.~2!.
The diagonal terms in Eq.~4! arise from the displacement o
a dust particle in a fixed environment of the other particl
while the off-diagonal terms arise from the fluctuating en
ronment@30#. Introducing the collective coordinatesjk,m and
pk,m

j i ,m5
1

~Nmd!1/2 (
k

jk,meik•xi,

p i ,m5S md

N D 1/2

(
k

pk,meik•xi, ~5!
-
e
-
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d
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t
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f
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e.

,
-

with

f~k!5
4pZd

2e2

k21kD
2 , ~6!

the Fourier transform of the screened Coulomb potential~en-
ergy! Eq. ~2!, with kD51/lD , the Hamiltonian becomes~for
details, see Ref.@30#!

H̄5 1
2 (

k
pk,mp2k,m

1 1
2 (

k
FDmn~k!1vpd

2 kmkn

k21kD
2 Gjk,mj2k,n

2
i

V S N

md
D 1/2

(
k

kmF̂~2k,t !j2k,m . ~7!

The central role is played by the dynamical matrixDmn(k),

Dmn~k!5
vpd

2

V (
q

qmqn

q21kD
2 @g~k2q!2g~q!# ~8!

In order to arrive at this expression, the central assumptio
the QLC model has been used, which consists of replac
the unperturbed microscopic dust density

nk5(
i 51

N

eik•xi

by its ensemble average, using

^nk&5Ndk ,

^npnq&5N2dp1qFdq1
g~q!

V G1Ndp1q ,

whereg(q) is the Fourier transform of the equilibrium pa
correlation functiong(r ). Using Hamilton’s equationj̈k,m

52]H̄/]j2k,m , the resulting equation of motion fo
jk,m(v), the Fourier transform ofjk,m(t) is then

jk,m~v!5
i

V S N

md
D 1/2

knGmn
21F̂~k,v!, ~9!

where

Gmn5v2dmn2vpd
2 kmkn

k21kD
2 2Dmn~k!. ~10!

To calculate the dielectric response tensor, the rela
between the equilibrium average of the perturbed mic
scopic dust density and the collective coordinate respons
the system@Eq. ~9!# to a perturbation (F̂) is used. This gives

r~k,v!5
nd

md
kmknGmn

21F̂~k,v!. ~11!

From the formalism of partial response functions@32#, the
longitudinal response of the system can be character
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56 7169DUST ACOUSTIC WAVES IN STRONGLY COUPLED . . .
through the ‘‘external’’ and ‘‘total’’ density response func
tions x̂(k,v),x(k,v), respectively, defined by

r~k,v!5x̂~k,v!F̂~k,v!5x~k,v!F~k,v!, ~12!

where the total potentialF(kv)5F̂(kv)1F ind(kv) con-
tains also the first-order potential responseF ind(kv) to the
F̂ perturbation. SinceF ind(kv)5f(k)r(kv), wheref(k)
is the Fourier transform of the Yukawa potential as given
Eq. ~6!, it follows that x̂(kv)5x(kv)@11f(k)x̂(kv)#
@32#. Then, from Eqs.~11! and~12!, for the longitudinal total
response function we obtain

x~kv!5
nd

md

k2

D~kv!
, ~13!

where

D~kv!5v22vpd
2 D~k! ~14!

and

vpd
2 D~k!5

kmDmn~k!kn

k2

5
vpd

2

V (
q

~k•q!2

k2~q21kD
2 !

@g~k2q!2g~q!#.

~15!

The longitudinal dielectric response function finally becom

eL~kv!512f~k!x~kv!512
k2

k21kD
2

vpd
2

D~kv!
. ~16!

III. DISPERSION RELATION

The dispersion relation for dust acoustic waves is
tained from Eq.~16! usingeL(kv)50, which gives

v2~k!5vpd
2 S k2

k21kD
2 1D~k! D . ~17!

In the following the small-k limit of D~k! is considered,
in which case the dispersion can be related to the total
relation energy of the system. In order to expandD~k! for
small k, we first change variables in the first term in th
brackets in Eq.~15! to obtain

D~k!5
1

V (
q

S @k•~k2q!#2

k2@~k2q!21kD
2 #

2
~k•q!2

k2@q21kD
2 # Dg~q!.

~18!

Then expanding for smallk @e.g., expanding the denominato
of the first term in Eq.~18! using q21kD

2 @k222k•q#, re-
taining terms to orderk2 which are even ink•q5kq cosu,
and integrating over cosu, gives, after some algebra,
y

s

-

r-

D~k→0!'
k2

V (
q

1

q21kD
2

3S 12
5

3

q2

@q21kD
2 #

1
4

5

q4

@q21kD
2 #2Dg~q!, ~19!

We now relateD to the dust correlation energy per pa
ticle Ec , which is defined as

Ec

nd
5

1

2V (
q

4pZd
2e2

q21kD
2 g~q!, ~20!

We note that, in the limitkD50 ~i.e., the case of a pure
Coulomb interaction potential wherek5d/lD50!,

D~k→0!'
4

45
k2d2

Ec

GTd
, ~21!

which is the standard result for the OCP~one-component
plasma! @30,31#, for which there are available analytic fi
expressions for the correlation energy. For a stron
coupled Yukawa system the energy relations are somew
more complex. The total energy of the combined plasm
dust system consists of the kinetic (K) and potential (U)
energies,

E5Kpl1Kd1U. ~22!

The latter can be decomposed as

U5Upl
0 1Upl,d1Ud1dUpl , ~23!

The four terms are, respectively, the potential energies a
ciated with the interaction between the plasma particles
the homogeneous plasma, the interaction between the pla
and dust particles, the interaction between the dust partic
and the change in the plasma potential energy due to
inhomogeneity induced by the presence of the dust partic
all these terms are to be calculated, in principle, through
actual Coulomb interaction. In the so-called adiabatic
proximation @33# the dust-dust Coulomb interaction is re
placed by the screened Yukawa potential; the plasma lo
its dynamical properties and ceases to contribute to the
ergy. As a result,U can be rearranged with reference to t
dust particles only:

U5Eint1Eb5Ec1EH1Eb5Eexc1EH . ~24!

The meaning of the different terms in Eq.~24! is as fol-
lows ~all energies are given per dust particle!:

Eint5
1
2 ndE d3r f~r !$11g~r !% ~25!

is the total ~positive! interaction energy between the du
particles, via the screened effective potentialf(r ); it con-
sists of the positive Hartree term

EH5 1
2 ndE d3r f~r !51

3

2k2 GTd , ~26!

and of the negative correlation term
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7170 56M. ROSENBERG AND G. KALMAN
Ec5 1
2 ndE d3r f~r !g~r !5 1

2

nd

V (
q

4pZd
2e2

q21kD
2 g~q!.

~27!

It is this latter that enters into the expansion of the dynam
matrix, Eq.~19!. Finally Eb can be identified@28# as the free
energy associated with the binding of the Debye sheath
rounding the dust particle

Eb52 1
2 E d3r drpl~r !

Zde

r
52

k

2
GTd , ~28!

wheredrpl(r ) is the deviation of the plasma charge dens
from its uniform value around a dust particle. It can also
regarded as a reduction in the dust self-energy due to
screening,

Eb5dEself[
1
2 $f~r→0;k!2f~r→0,k50!%.

The ‘‘excess energy’’Eexc is the portion ofU which remains
finite in thek→0 ~unscreened! limit; it is this energy that is
extracted from the molecular dynamics simulation studies
strongly coupled Yukawa systems in Ref.@28#. The results of
Ref. @28# are valid in the regimek<1. Thus we consider this
limit k5kDd<1, where the average intergrain spacingd
(5@3/4pnd#1/3) is less than or comparable to the plasm
Debye length; this may be applicable to the dusty plasma
process plasmas@28# or to certain dusty plasma experimen
@34#. We note that, in contrast to the OCP expression~21!,
the expansion ofD(k), Eq. ~19!, is not immediately ex-
pressed in terms ofEc . Nevertheless, as long asg(q) does
not vary significantly withk, D(k→0) can still be related to
Ec and its derivatives. In fact, in the regime of interest th
seems to be the case, as can be gleaned from Fig. 6 of
@28#, which shows the correlation functions for both the OC
and for the Yukawa systems. Then using the relations~here
y5k2!

q2

~q21kD
2 !2 5d2

]

]y S y

q2d21yD ,

q4

~q21kD
2 !3 5d2

1

2

]2

]y2 S y2

q2d21yD ,

we obtain, from Eq.~19!,

D~k→0!

' 2
3 ~kd!2

1

GTd
FEc2

5

3

]

]y
~yEc!1

2

5

]2

]y2 ~y2Ec!G .
~29!

Analytical expressions for the dust correlation energy can
obtained from Refs.@28,29#, that give expressions for th
excess energy which fit their results. The excess energyEexc
calculated in those studies also includes, as noted above
term dEself52(k/2)GTd , so that this term has to be sub
tracted from the analytical expressions given in Refs.@28,
29# in order to obtain the dust-dust correlation energy. Th
we use the following formula for the dust correlation ener
@29#:
l

r-

e
he

f

in

ef.

e

the

,

Ec

Td
5a~k!G1b~k!G1/31c~k!1d~k!G21/3. ~30!

Here a(k)5Ebcc(k)1k/21ã(k), where the bcc Madelung
energy is, to orderk4,

Ebcc~k!520.89620.104k210.003k4 ~31!

and

ã~k!520.00310.001k2. ~32!

The coefficients are given, to orderk4, by

2
k

2
1a~k!520.89920.103k210.003k4

5a01a2k21a4k4,

b~k!50.56520.026k220.003k45b01b2k21b4k4,

~33!

c~k!520.20720.086k210.018k45c01c2k21c4k4,

d~k!520.03110.042k220.008k45d01d2k21d4k4.

It is interesting to note that the term linear ink in Ec plays
no role in Eq.~35! below, and, therefore, for the purpose
this computation,Ec can be, in fact, replaced byEexc.

Thus the dispersion relation for the dust acoustic wave
this approximation becomes

v2

vpd
2 5k2d2F 1

k2d21k2 1 f ~k,G!G , ~34!

where, fork<1, f (k,G),0 is given by

f ~k,G!'
4

45

1

G F S a01a2

k2

2
16a4k4DG1S b01b2

k2

2

16b4k4DG1/31S c01c2

k2

2
16c4k4D

1S d01d2

k2

2
16d4k4DG21/3G . ~35!

In the regimekd!k ~i.e., klD!1!, Eq. ~34! gives

v2'k2csd
2 @11 f ~k,G!k2#, ~36!

wherecsd5vpdlD is the dust acoustic speed.
Now we can discuss the effect of the strong dust-d

correlations on the dust acoustic wave dispersion relat
There appear to be three effects. The first is a softening
the mode dispersion@Eq. ~36!#, with the phase speed de
creasing sincef (k,G),0. Figures 1 and 2~a! show this soft-
ening of the dispersion relation for fixedG and various val-
ues ofk. Note that the region of the curves wherek.1, that
show this effect forG55 and 150, are unreliable because~a!
the analytical expressions used forEc are only valid fork
<1 ~although there appears to be only a few percent diff
ence between the analytical values and the numerical re
given in Ref.@29# for k51.2 and 1.4!, and~b! the assump-
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tion thatg(r ) does not vary withk is probably not valid. In
the regimekd@k ~i.e., klD@1!, the dispersion relation be
comes

v2'vpd
2 @11 f ~k,G!k2d2#. ~37!

From here it can be seen that the second effect of str
dust-dust correlations is also to reduce the effective d
plasma frequency, as shown also in Figs. 1 and 2~b!. Figure
2~b! shows the effective dust plasma frequency obtained
evaluating]v/]k50 from Eq.~34! to obtain the value ofk
where the maximum value ofv occurs, denoted bykM and
vM , respectively.~Again, the region of the curves wherek
.1 are unreliable, as discussed above!. Figure 3 also shows
a third effect, namely, that strong correlations lead to ne
tive dispersion, that is,]v/]k,0, in the domainkd.k.
These properties of the dust acoustic wave in a stron
coupled dusty plasma are analogous to those of ion aco
waves in a strongly coupled electron-ion plasma analyze
Ref. @22#. It should be noted, however, that in the calcu
tions of Ref.@22# thek-dependent second and third terms
Eq. ~31! are completely ignored, which can be interpreted
the neglect of thek dependence ofEc .

IV. EFFECTS OF COLLISIONS

The effects of collisions of charged dust particles w
neutrals can be included in the formalism summarized
Sec. II via thead hoc introduction of a collisional damping
term in the equation of motion forjk,m , viz.

FIG. 1. Dispersion relation of the dust acoustic wave in
strongly coupled gas phase: solutions of Eq.~34! for frequencyv
normalized tovpd vs kd. HereG5100, and different values ofk
label the curves.
g
st

y

-

ly
tic
in
-
f
s

n

j̈k,m1ndj̇k,m52
]H̄

]j2k,m
, ~38!

where nd;pa2nnvnmn /md is the hard sphere dust-neutr
collision frequency~herea is the grain radius,mn andvn are
the neutral mass and thermal speed, andmd is the dust mass!.
The resulting equation of motion forjk,m(v), the Fourier
transform ofjk,m , then has the form of Eq.~9!, but with the
replacementv2→v(v1 ind) in the matrixGmn given in Eq.
~10!. The derivation of the dielectric response function th
proceeds as in Sec. II but with the replacementv2→v(v
1 ind) in D(kv) in Eq. ~14!. Then the net result is tha
v2(k)→v(k)@v(k)1 ind# in Eq. ~17!.

We again consider the small-k limit as in Sec. III, and
assume that the dust-dust correlation energy is given by
~30!. This assumes that the presence of a background ne
gas does not affect the correlation energy of the Yuka
system, via, for example, Brownian motion effects@35#, but
we are unaware of any calculations on the thermodynam

FIG. 2. ~a! Phase speed of the dust acoustic wave,v/k, normal-
ized tocsd from Eq.~36! as a function ofk for two values ofG; the
weak-coupling result is the curve labeled byf (k,G)50. ~b! Maxi-
mum frequencyvM ~normalized tovpd! as a function ofk from Eq.
~34!, with the corresponding value ofkd where the maximum oc-
curs,kMd. HereG5100. ~Note that the regions of the curves b
yond k51 are unreliable owing to the approximations used in t
paper which are fork<1.!
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of Yukawa systems including such neutral gas effects,
note that this may be an interesting topic for further stu
Proceeding as in Sec. III, the inclusion of dust-neutral co
sional damping results in the replacementv2→v(v1 ind)
in the dispersion relation given in Eq.~34!. We rewrite this
in the following form:

k2lD
2 5

v~v1 ind!

vpd
2 @11 f ~k,G!k2~11k2lD

2 !#2v~v1 ind!
. ~39!

This has the form of the fluid dispersion relation for du
acoustic waves including collisions as given in Ref.@34#, but
with a reduction in the effective dust plasma frequency a
ing from strong correlation between dust grains, as discus
in Sec. III. Solving for realv and real and imaginary wav
numberkr andki , Fig. 4~a! shows a solution retaining stron
correlation effects, while Fig. 4~b! shows the solution ob
tained by settingf (k,G)50 in Eq.~39!. As discussed in Ref
@34#, without collisional damping and without correlation e
fects @ f (k,G)50# the wave numberk would be purely real
for v,vpd, resonant (k→`) for v5vpd, and purely
imaginary forv.vpd. With collisional damping, the reso
nance at the dust plasma frequency disappears, while the
part of the wave numberkr rolls over at higherv.vpd,
corresponding to a transition from a damped propaga
wave to an evanescent wave. With strong correlation,
rollover occurs at a lower value ofv, corresponding to a
reduced effective dust plasma frequency, and the maxim
value ofk becomes smaller, as shown in Fig. 4. The rea

FIG. 3. Dispersion relation of the dust acoustic wave: solutio
of Eq. ~34! for frequencyv normalized tovpd vs kd. Here the
curve labeled byf (k,G)50 is the standard weak-coupling resu
while curves labeledG52 and 200 show results for strongl
coupled gas phase.
d
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for the decrease in the maximum value ofk can be seen by
considering Eq.~39! at v5vpd, where, roughly,kr;ki :

k2lD
2 ~v5vpd!5

~11 ind /vpd!

@ f ~k,G!k2~11k2lD
2 !2 ind /vpd#

. ~40!

From here it can be seen that the term arising from str
correlations in the denominator@} f (k,G)k2# has the effect
of reducing both the real and imaginary parts ofk. For the
parameters chosen for Fig. 4, the magnitudes
f (k,G)k2(11k2lD

2 ) and nd /vpd are comparable, and thi
reduction of the maximum values ofkr andki are apparent.
This will be discussed further in Sec. V.

V. APPLICATION AND DISCUSSION

We consider the application of these results to the exp
mental observations of dust acoustic waves in the stro
coupling regime reported by Pieper and Goree@34#, since
that is the only reference we are aware of that measures
dispersion relation in this regime. In the above paper@34#,
fitting the experimental dispersion relation yielded the p

s

FIG. 4. Dispersion relation of the dust acoustic wave includ
dust-neutral collisions: the imaginary part of wave numberki

~dashed line!, normalized tolD
21 vs real v, normalized tovpd.

Parameters arend /vpd50.1, G5150, andk51. ~a! Solution of
Eq. ~39! for the strongly coupled gas phase.~b! Solution of Eq.~39!
in the weak-coupling limit, withf (k,G)50.
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rameterk,1, ranging fromk;0.1520.6, while G@1, and
ranged from about 11 to 104. The collisionality paramete
nd /vpd ranged from about12 to near unity.~Note that the
approximations used in our present paper correspond
k,1, and to the fluid phase withG&170.! In the experiment,
both the real and imaginary parts of the complex wave nu
ber were measured as a function of the real driving freque
v, and it was reported that the results fit a dispersion rela
of the form of Eq.~39! without strong-coupling effects@i.e.,
Eq. ~39!, above withf (k,G)50# @34#.

The theoretical results presented in this paper appear t
be consistent with the above discussed experimental ob
vations for the following reasons. For the parameters of
experiment, the magnitude of the collisionality parame
nd /vpd is considerably larger than the magnitude of t
strong-coupling termf (k,G)k2 in the denominator of Eq
~39!. That is, f (k,G) from Eq. ~35! is of the order of20.1
using the experimental parametersG@1 andk&0.6, so that
the magnitude off (k,G)k2 is at most of the order of 0.035
On the other hand,nd /vpd.

1
2 , which is considerably large

than the magnitude of the strong-coupling term. Thus,
cording to the results of this paper, we would expect
strong correlation effects to be relatively small in the wa
dispersion in this parameter regime, essentially washed
by collisional effects. It is not surprising then that the me
sured results approximately fit a fluid-based dispersion r
tion ignoring strong coupling, since that is what Eq.~39!
would also yield approximately for this set of parameters

However, we point out that it may be possible to inves
o-

s

J.

r-

e

to

-
cy
n

be
er-
e
r

-
e

ut
-
a-

-

gate in more detail the effects of strong coupling on wa
dispersion in somewhat lower collisionality experimental
gimes. From the results of this paper, we would expect t
correlation effects would dominate collisional effects
lower values ofnd /vpd and larger values ofk than those
reported in Ref.@34#. For example, with the parameters us
for Fig. 4~a! one would expect to see the effects of stro
correlation in a reduction of the maximum values ofkr and
ki . For the parameters used in Fig. 4~a!, namely,nd /vpd
50.1, G5150, andk51, we find a reduction in the maxi
mum values ofkr andki by a factor of about 0.7 compare
with the solutions of the fluid dispersion relation in th
weak-coupling limit shown in Fig. 4~b!.

We note also that the strong correlation term in Eq.~39!
leads to a rollover inkr versusv even without the collisional
term. This is in contrast to theoretical results for a damp
lattice-wave dispersion relation@21# which apparently does
not exhibit the observed rollover@34#.
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